Mechanical metamaterials are artificial structures with unusual properties, such as negative Poisson ratio, bistability or tunable vibrational properties, that originate in the geometry of their unit cell [1] [2] [3] [4] [5] [6] . At the heart of such unusual behaviour is often a soft mode: a motion that does not significantly stretch or compress the links between constituent elements. When activated by motors or external fields, soft modes become the building blocks of robots and smart materials. Here, we demonstrate the existence of topological soft modes that can be positioned at desired locations in a metamaterial while being robust against a wide range of structural deformations or changes in material parameters [7] [8] [9] . These protected modes, localized at dislocations, are the mechanical analogue of topological states bound to defects in electronic systems [10] [11] [12] . We create physical realizations of the topological modes in prototypes of kagome lattices built out of rigid triangular plates. We show mathematically that they originate from the interplay between two Berry phases: the Burgers vector of the dislocation and the topological polarization of the lattice [7] . Our work paves the way towards engineering topologically protected nano-mechanical structures for molecular robotics or information storage and read-out.
Mechanical metamaterials are artificial structures with unusual properties, such as negative Poisson ratio, bistability or tunable vibrational properties, that originate in the geometry of their unit cell [1] [2] [3] [4] [5] [6] . At the heart of such unusual behaviour is often a soft mode: a motion that does not significantly stretch or compress the links between constituent elements. When activated by motors or external fields, soft modes become the building blocks of robots and smart materials. Here, we demonstrate the existence of topological soft modes that can be positioned at desired locations in a metamaterial while being robust against a wide range of structural deformations or changes in material parameters [7] [8] [9] . These protected modes, localized at dislocations, are the mechanical analogue of topological states bound to defects in electronic systems [10] [11] [12] . We create physical realizations of the topological modes in prototypes of kagome lattices built out of rigid triangular plates. We show mathematically that they originate from the interplay between two Berry phases: the Burgers vector of the dislocation and the topological polarization of the lattice [7] . Our work paves the way towards engineering topologically protected nano-mechanical structures for molecular robotics or information storage and read-out.
Central to our approach is a simple insight: mechanical structures on length scales ranging from the molecular to the architectural can often be viewed as networks of nodes connected by links [13] . Whether the linking components are chemical bonds or metal beams, mechanical stability depends crucially on the number of constraints relative to the degrees of freedom. When the degrees of freedom exceed the constraints, the structure displays excess zero (potential) energy modes. Conversely, when the constraints exceed the degrees of freedom, there are excess states of self-stress-balanced combinations of tensions and compressions of the links with no resultant motion of the nodes. The global constraint imposed on the number of zero modes, N m , and the number of states of self-stress, N ss , is captured in the generalized Maxwell relation [13, 14] 
valid for a network with N s nodes connected by N b bonds in d dimensions.
A trivial way to position a zero-energy mode in the interior of a generic rigid lattice is to remove some bonds, locally reducing the constraints. However, as equation 1 suggests, zero modes can also be introduced without Decorating each unit cell with a three-atom basis (yellow points and blue bonds; dashed bonds indicate bonds shared between points belonging to different unit cells) produces the isostatic deformed kagome lattice shown in b. c, Elementary dislocation in a hexagonal lattice, consisting of a fivefold disclination (green lattice point) connected to a sevenfold disclination (orange lattice point) in an otherwise six-coordinated lattice (blue points). The Burgers vector b (solid red arrow) is the deficit in a circuit (black dashed line) that would have been closed in a defect-free lattice. Rotating this vector by π/2 gives the corresponding disclination dipole moment d (dashed red arrow), a vector joining the fivefold disclination (disclination charge s = 2π/6) to the sevenfold disclination ( s = −2π/6). Decorating this lattice with the same unit cell shown in a produces a dislocated deformed kagome lattice which contains only four-coordinated points, shown in d.
The five-and seven-coordinated points in the triangular lattice translate into plaquettes in the kagome lattice bordered by five (green) and seven (orange) bonds respectively, whereas all other points in the triangular lattice translate to plaquettes bordered by six bonds (blue lines) in the decorated lattice.
changing the net constraint count, by adding states of self-stress. Particularly intriguing are systems that are locally isostatic, i.e. the coordination number is 2d at every node. In such systems, zero modes are allowed provided they are paired with states of self-stress, invisible partners from the perspective of motion. The state of self-stress and the zero mode it enables can be far away from each other, but they are never decoupled. The resulting zero-energy motion is topologically protected. It is tied to the global structure of the underlying lattice and thus insensitive to local variations in bond lengths, spring constants, or node masses, provided no bonds are cut. What lattices might support the placement of such protected zero modes at specific locations? The familar examples of isostatic lattices in two dimensions, the regular square and kagome lattices, already display extended zero-energy deformations. These undesired modes originate from straight lines of bonds that can be removed by using a non-standard basis to construct the lattice [7] . Start with the regular hexagonal lattice shown in figure  1a (with primitive lattice vectors {a 1 , a 2 }) and decorate each unit cell with a basis composed of three particles (shown in the bottom left of figure 1a ). This produces the locally isostatic deformed kagome lattice shown in figure 1b. In the language of the band theory of phonons, the deformed kagome lattice is gapped in the bulk (except for acoustic phonons with zero momentum). If the bonds are infinitely stiff, the structure is completely rigid except at regions where the lattice is disrupted, for example at its boundaries where exponentially localized zero modes may exist [4, 7] .
To insert a protected mode at a desired location, we must disrupt the lattice in the interior, but without modifying the constraint count. Dislocations, point defects which disrupt crystalline order, fulfill the first condition. Surprisingly, they can be incorporated into isostatic lattices without changing the coordination of any node. An elementary dislocation in a hexagonal lattice is composed of a five-(green) and a seven-(orange) coordinated particle, changing the local coordination, as shown in figure 1c. However, if we decorate this lattice as discussed before, all sites in the resulting deformed kagome structure are automatically four-coordinated as shown in figure 1d. The isostaticity condition is fulfilled locally and globally. A similar isostatic construction works for square lattices with dislocations, see Appendix A.
We explore the validity of this procedure experimentally by building prototypes of deformed kagome lattices with dislocations. Rigid triangles laser-cut out of 3 mm thick PMMA sheets are connected by plastic bolts that act as hinges around which the rigid triangles can pivot like coupled pendula, see figure 2. This construction pushes the phonon gap to infinity. As a result, such structures admit only zero modes. In practice, the structures shown in figure 2 have some compliance and mechanical play at the pivots. Nevertheless, the motions that exploit relative rotations of the triangles are still easily identified. Figure 2a shows two networks that have the same unit cell, and are identical in the numbers of triangles, hinges and pin points. Each network includes a single dislocation. However the Burgers vector and consequently the disclination dipole moment of the dislocation in network A is opposite that in network B (
The boundary points are pinned, but can pivot freely. Our design of the dislocated lattices ensure that each internal vertex has as many constraints as degrees of freedom, satisfying the local isostatic condition everywhere. As a result, both network A and network B are rigid in the bulk as can be verified by unsuccessfully trying to move the (white) triangles far from the dislocation, see Supplementary Movie 1.
Although the two networks look nearly identical, network A supports a collective floppy motion of some of its points, easily revealed upon attempting to move some of the individual points especially on the green triangles (Supplementary Movie 2). The range of motion is largest for the points that make up the dislocation (figure 2b and Supplementary Movie 2), and die off with increasing distance from it, becoming negligible at the boundary. The presence of the pinning at the edge does not disturb the mode and eliminates the zero-energy translations. In marked contrast to A, network B does not admit displacements, remaining rigid even at points near the dislocation (Supplementary Movie 3).
The allowed motion in network A mirrors the displacements of a floppy vibrational mode in the simulated spring network visualized in figure 2c, which is a section of a larger network with periodic boundary conditions. In the simulations, the mode has a small energy, making it a soft mode which is zero in the limit of an infinite network [15] . The dislocation in network B is associated with a state of self-stress, also visualized in figure 2c.
(See Appendix C for details of the mode calculation.) In a perfectly isostatic network with periodic boundary conditions, a net Burgers vector of zero is required. This condition is satisfied by two dislocations of opposite Burgers vector in the same structure. As demanded by the isostatic condition, a floppy motion is observed at one of the dislocations and a state of self-stress, invisible from the perspective of motion, is bound to the other dislocation with opposite Burgers vector. The same phenomenon applies to network A, where the state of self-stress is hidden at the pinned boundary.
Why do we observe a deformation mode in network A and not in B? Figure 2 suggests that the two networks are distinguished solely by the orientation of the white triangles relative to the dislocation dipole d. The shape of the triangles decorating the lattice determines a topological invariant that characterizes the bulk lattice, the topological polarization P T . The key to designing a topological mode lies in relating P T to the lattice unit cell. The first step is to calculate the Fouriertransformed rigidity matrix R(k) whose determinant is complex: det R(k) ≡ | det R(k)|e iφ(k) . Next, the winding numbers, n i = {n 1 , n 2 }, of φ(k) are evaluated using
along the two cycles {C 1 , C 2 } of the Brillouin zone corresponding to the reciprocal lattice directions orthogonal to {a 1 , a 2 } respectively [7] . The n i are invariants of the gapped lattice that define the topological polarization
The deformed kagome lattice used in our demonstrations has P T = a 1 [16] . Kane and Lubensky [7] proved that the number of topological zero modes minus the number of states of self-stress, ν S T , in a lattice subsystem bounded by C is
wheren is the inward-pointing normal to the boundary, and V cell is the d-dimensional volume of the unit cell. Upon evaluating the flux in equation 4 on a contour encircling an isolated dislocation, we obtain
The localized topological mode arises from a delicate interplay between a Berry phase associated with cycles in the Brillouin zone, embedded in P T via equations 2 and 3, and the Berry phase of a topological defect in real space, represented by its Burgers vector (or dipole d).
In Appendix B, we present a detailed derivation of equation 5 that takes into account the elastic strains due to the presence of the dislocation. A shortcut is to assume that the path of integration lies within a perfect crystal. Then, all contributions to the contour integral cancel out except for the segment along the Burgers vector, leaving the right-hand side of equation 5. Since P T is a linear combination of primitive lattice vectors and 2πd/V cell is a reciprocal lattice vector, ν S T is guaranteed to be an integer. Equation 5 gives ν S T = +1 for network A and ν S T = −1 for network B, consistent with our observations of a floppy mode in A and no motion in B. Similarly in figure 2c , the soft mode is associated with the left dislocation (same Burgers vector as in network A) and the state of self-stress is associated with the right dislocation (network B).
The topologically protected modes we have identified could have applications across a wide range of systems and length scales. At macroscopic scales, origami structures exist whose deformations are restricted to rotations of triangles much as in the kagome lattice [17] ; localized soft modes in such structures could be employed in architecture and art. At the microscale, dislocations could be used for robust information storage, with a bit encoded by the presence (0) or absence (1) of a soft motion, in turn controlled by the orientation of the Burgers vector. Such protected bits could be hard-wired into microscopic "punch cards" which can be read out mechanically by probing the dislocations for floppy motions. We also envision molecular robots and smart metamaterials that exploit the protected modes as activated mechanisms.
In the main text, we described the procedure of constructing isostatic dislocations in deformed kagome lattices. Square lattices are another example of isostatic lattices in two dimensions. The regular square lattice, although isostatic, does not harbour topologically protected modes since it does not have a gapped phonon spectrum. The presence of straight lines of bonds extending across the lattice gives rise to 2L states of selfstress in an L × L system, and 2L corresponding zero modes according to equation 1. These show up as lines of zero modes along k x = 0 and k y = 0 in Fourier space. However, the gap can be opened up everywhere except at k = 0 by decorating the square lattice with a 2 × 2 unit cell, which breaks up the straight lines of bonds. An example is shown in figure A3a-b. According to equations 2 and 3, the resulting lattice is characterized by the topological polarization P T = −a 1 + a 2 in terms of the primitive vectors a i indicated in the figure.
The elementary dislocation in a square lattice (with Burgers vector equal to ±a i ) can be viewed as a bound pair of two disclinations: a lattice point with five-fold symmetry adjacent to a plaquette with three-fold symmetry. The three-fold lattice point disrupts the isostaticity of the Bravais lattice and also of the resulting crystal lattice after decoration with the 2 × 2 basis.
To prepare dislocations that do not change the local balance between degrees of freedom and constraints, we use pairs of disclinations centered on interstitial regions (plaquettes) rather than on lattice points. Figure A3c shows such a dislocation, obtained by pairing a threecoordinated plaquette with a five-coordinated plaquette. Since no lattice point disclinations are used, every lattice point still has exactly four bonds emanating from it. Dislocations constructed in this manner have one of four possible Burgers vectors b = ±(a 1 ± a 2 ), oriented along diagonals of the square plaquettes of the principal The phonon spectrum in momentum space has lines of zero modes spanning the Brillouin zone in both directions. Decorating each point with the 2×2 unit cell (yellow points and blue bonds) gives the distorted square lattice in b, which has a gapped phonon spectrum everywhere except at zero momentum. The topological polarization vector P T = −a1 + a2 is also indicated. c, Dislocation consisting of a three-coordinated plaquette (bordered by green bonds) adjacent to a five-coordinated plaquette (bordered by orange and green bonds) in the square lattice, with Burgers vector b = −(a1 + a2) (solid arrow). The dislocation is at the intersection of two extra half-rows of lattice points that are orthogonal to each other. The disclination dipole moment d (dashed arrow) connects the three-and five-coordinated plaquettes. This lattice can be decorated with the same unit cell to get the lattice in d. Every point in the resulting lattice has exactly four bonds, but there are plaquettes surrounded by three (green) and five (orange) bonds that signal the presence of the dislocation.
lattice. A square lattice incorporating such a dislocation can be decorated with a 2 × 2 basis to obtain a lattice that maintains isostaticity at each point, as shown in figure A3d. There is some ambiguity in assigning rest lengths to the bonds connecting the two unit cells shared by the three-fold and the five-fold plaquettes; here we reuse rest lengths from the defect-free lattice so that the structure in figure A3d can be built out of beams with eight unique rest lengths.
In both this example and the text, the dislocated lattice is relaxed under periodic boundary conditions so that the bonds get as close to their rest lengths as possible. The distorted kagome and square lattices are able to accommodate the strains associated with the dislocation with minimal stretching of bonds (i.e. purely from pivoting of bonds around nodes), as the construction of physical prototypes out of nearly inextensible triangles (figure 2a) To find the zero mode count associated with a dislocation, we need to evaluate the integral in Eq. 4 for a path surrounding a single dislocation in a lattice with topological polarization P T . We do this by taking into a account the deformations in the lattice due to the dislocation, in the continuum limit. The dislocation induces a displacement field u around it. We can choose a path sufficiently far away from the dislocation core so that the resulting lattice distortions do not change the topological winding numbers n i from their values in the undistorted lattice. Then, any variation in P T = i n i a i comes only from changes in the local lattice vectors a i . In the continuum limit (a smaller than the scale of variation of u), these are determined by the displacement fields, and as a result we have a position-dependent polarization
where
is the distortion tensor and P 0 T is the polarization in the undistorted lattice. Meanwhile, the volume of the distorted unit cell is
to linear order in the displacements. Writing out Eq. 4 to linear order in w ij , we have
where we use the divergence theorem to convert the line integral to an area integral (note thatn is the inward pointing normal to the contour). However, the distortion tensor is related to the Burgers vector via [18] 
Upon applying the antisymmetric tensor to both sides, we get
The vector on the left hand side, obtained by rotating the Burgers vector by π/2 counterclockwise, is the disclination dipole moment associated with the pair of disclinations that make up the dislocation, which we call d. For an elementary dislocation in the hexagonal lattice, this is a vector of length a 0 that points from the fivefold to the sevenfold point. Equations A6 and A10 together give the topological count in terms of the disclination dipole moment,
Appendix C: Numerically obtaining and visualizing the soft mode and self-stress
The soft mode plotted in figure 2c is obtained by constructing and numerically diagonalizing the dynamical matrix associated with the network. We construct a hexagonal network of 8,317 nodes in a periodic box of size 128a 0 × 32 √ 3a 0 . In a periodic network, Burgers vectors must sum to zero. Therefore, we incorporate in the network two dislocations with Burgers vectors ±(a 1 − a), separated by roughly three lattice constants. We then decorate the lattice as described in the main text, with a basis that produces a deformed kagome lattice with (x 1 , x 2 , x 3 ; z) = (0.1, −0.1, −0.1; 0) in the parametrization of Ref. 7 , which has a topological polarization P T = a 1 . We obtain a network with 24,951 points and twice as many bonds. Treating the bonds as harmonic springs with rest lengths assigned according to the unit cell in the absence of defects, the network is relaxed by a conjugate gradient algorithm to find an equilibrium configuration. The triangles in the equilibrium configuration are slightly distorted from their rest shapes in the absence of a dislocation, but such a slight perturbation does not affect the polarization. Figure 2c is a zoomed-in view of a subset of the relaxed network.
The vibrational modes of the structure around this equilibrium are eigenvalues of the dynamical matrix D = R † R, where the rigidity matrix R relates bond extension e i (one per bond) with node displacement u j (two per node) via e i = R ij u j . The rigidity matrix is calculated from the point positions in the equilibrium configuration (spring constants and node masses are set to 1.) The lowest several eigenvalues (squared frequencies) in order of increasing magnitude and the corresponding eigenvectors of the dynamical matrix are obtained through sparse matrix diagonalization routines implemented in the Python programming language. The two lowest eigenvalue modes (with eigenvalues zero up to machine precision) are the trivial translations available to the network under periodic boundary conditions. The first nontrivial eigenvalue (third eigenvalue overall in magnitude) is the proposed topological soft mode associated with the dislocation with dipole moment d A . In an infinite system, the topological mode would show up as an eigenvector with eigenvalue zero; in the finite system, it has a finite frequency due to interactions with the other dislocation and with its periodic images. However, it is well-separated in energy from the succeeding modes. The association of the mode with the dislocation on the left is even more apparent in the structure of the corresponding eigenvector, which has its highest amplitude at nodes in a small region of the lattice primarily near the dislocation. In contrast, the eigenvectors of the fourth and higher-frequency modes have the structure of periodic acoustic modes that extend over the entire lattice.
The eigenvector corresponding to each eigenvalue gives a displacement (a two-dimensional vector) at each point; the magnitude of each displacement vector corresponds to the relative amplitude of the mode at that point. (The absolute magnitude of the displacements has no physical significance.) In figure 2c , we have plotted these displacements for the eigenvector corresponding to the third eigenvalue as red arrows, each indicating the direction and scaled in size by the relative magnitude of the displacement of the point at its base. (Red dots replace arrows whose length is less than the dot diameter.)
Whereas the right eigenvectors of the dynamical matrix correspond to displacements, its left eigenvectors correspond to tensions and compressions experienced by the individual bonds. Each component of the eigenvector translates to a tension on a particular bond. Selfstresses are left eigenvectors of the dynamical matrix with eigenvalue zero; the left eigenvector corresponding to the smallest eigenvalue of the dynamical matrix is localized (i.e. has appreciable tension values) to bonds in the vicinity of the dislocation with dipole moment d B . This eigenvector is visualized in figure 2c by increasing the width of each bond (linearly over the range w to 4.6w, where w is the width of the thinnest bond in the figure) by an amount proportional to the magnitude of the tension. The colour on each bond is also set by the tension; it interpolates between blue (negative tensions) and green (positive tensions) with gray bonds signifying low or no tension.
